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Uniqueness of the Bethe Ansatz of the XXZ Chain 
and Statistical Interaction 
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We prove that there is only one form of the Bethe ansatz with the general XXZ 
chain. We give an explanation of the XXZ chain in terms of statistical interactions. 

1. ~ T R O D U C T I O N  

Alcaraz et al. (1987) derived the Bethe ansatz equations for the free 
XXZ chain with an arbitrary surface field at each end of  the chain. The free 
XXZ chain is a very important model, for it has the symmetry of the quantum 
algebra SUq(2) (Pasquier and Saleur, 1990). They start from the general quan- 
tum XXZ model with the following Hamiltonian: 

1 q 
(O~jO'fj+l "1- O'fO']+l -Jr - ~ { r ~ + l ) + p o ' ]  + P ' ~ 2 /  (1 .1 )  nxxz = - ~  t_j=l 

_1 

where A, p, and p '  are arbitrary constants. Considering that this Hamiltonian 
commutes with the total spin operator E {r z, the number of down spins n is 
a good quantum number. They investigate the following eigenvalue equation: 

where 

H l n )  = E I n )  (1.2) 

In) = ~] (xt . . . . .  xn) lxl . . . . .  xn) (1.3) 

Here the xz . . . . .  x~ denote the locations of the down spins on the chain, and 
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the summation extends over all sets of the n increasing integers varying 
between 1 and L: 

1 - - < x ~ < x 2 < . . - < x n < - - L  (1.4) 

For general n, they assume that the ansatz for the wavefunction is 

f ( x l  . . . . .  xn) = ~ ceA(kl  . . . . .  k~)e i(klxl+''''+k.x.) (1.5) 
P 

where the summation extends over all permutations and negations of kl . . . . .  
k~ and ee changes sign at each such 'mutation.' From this assumption, they 
obtain the Bethe ansatz equations which the momenta kl . . . . .  kn satisfy. 

From a more general point of view, we will take for ee the values e i~ 
and e i~2 when negations and permutations appear one time, respectively. Here 
~01 and q~2 are arbitrary values between 0 and 2Ir. From this more general 
assumption we will obtain the same Bethe ansatz equations as Alcaraz et al. 
and then prove the uniqueness of the Bethe ansatz corresponding the X X Z  
quantum chain. 

Although we could not apply the point of view of anyons directly to 
the Bethe ansatz, we can give an explanation of statistical interactions. Hal- 
dane (1991) introduced a notion of fractional statistics which is independent 
of the dimension of space. According to Haldane, consider a system with a 
total number of particles N = E Nj, with Nj the number of particles of the 
species j ,  which is confined to a finite region of matter. Now if we add a 
particle of the species i into the system without changing the size and boundary 
conditions of the system, and let the coordinates of the N particles of the 
original system be fixed, then the wave function of the new (N + l)-body 
system can be expanded in a basis of wave functions of the added particle. 
The crucial point is that the number Di of available single-particle states in 
this basis for a particle of species i generally is not a constant; it may depend 
on the particle number Nj of all species in the original system. Haldane 
defined statistical interactions through the linear relation 

AOi = - ~  gijANj (1.6) 
J 

where { ANj } is a set of  allowed changes of the particle number. Equation 
(1.6) can be rewritten as 

D,({Nj 1) + ~ guNj = G O (1.7) 
J 

with G o = Di({0}) a constant, which is interpreted as the number of available 
single-particle states when no particle is in the system. Namely, G o are the 
bare numbers of single-particle states. From this point of view, Bernard and 
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Wu (1994) explained the Bethe ansatz equations of the N-body integrable 
model with periodic boundary condition. In the following discussion, we will 
explain how the Bethe ansatz equations of the general quantum XXZ chain 
can be reinterpreted in such way that they code a statistical interaction 
among particles. 

2. BETHE ANSATZ 

For general n we assume that the Bethe ansatz for the wavefunction is 

f ( x l  . . . . .  x , )  = ~ e'eA(kt . . . . .  k,,)e i~klxt+'''+k'x') (2.1) 
P 

where the summation extends over all permutations and negations of  kl . . . . .  
k, and e~, takes the values e im'pt and e im~ when negations and permutations 
appear m times, respectively. 

2.1. n = 1 

For one down spin on the chain, the eigenvalue equation (1.2) gives 

Ef ( x )  = - f ( x  - 1) - f ( x  + 1) 

- � 8 9  x = 2  . . . . .  L -  1 (2.2) 

At the boundaries we get slightly different equations: 

E l ( l )  = - f ( 2 )  - �89 - 3)A - p + p ' ] f (1)  (2.3a) 

Ef (L )  = - f ( L  - 1) - �89 - 3)A + p - p ' ] f ( L )  (2.3b) 

According to equation (2.1), we can substitute the solution 

f ( x )  = A(k )e  iu + e i ~ l a ( - k ) e  -ikx (2.4) 

in equation (2.2) and obtain the eigenvalue 

E = - 2  cos k - �89 - 5)A + p + p ' ]  (2.5) 

If we want equation (2.2) to be valid for x = 1 and x = L also, where 
f (0)  a nd f ( L  + 1) are defined by (2.4), then from (2.2) and (2.3) we get the 
end conditions 

f(0)  = (A - p)f(1)  (2.6a) 

f ( L  + I) = (A - p ' ) f ( L )  (2.6b) 

Defining the functions a(k) and [~(k) by 

a(k) = 1 + (p - A)e -;k (2.7a) 

I~(k) = [1 + (p '  - A)e-ik]e i~l'+t)k (2.7b) 
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and substituting (2.4) in (2.6), we obtain 

A(k )e t ( - k )  + ei'~lA(-k)ot(k) = 0 

A(k)f3(k) + e i* lA( -k ) f3 ( - k )  = 0 

Compatibility between (2.8a) and (2.8b) yields 

,~(/OI3(k) = a ( - k ) [ 3 ( - k )  

(2.8a) 

(2.8b) 

(2.9) 

Given the compatibility relation (2.9), the solution of (2.8) for A(k) is 

a(k)  = 13(-k) (2.10a) 

A ( - k )  = - e  i*l = ei(~r-~O~(k) (2.10b) 

where A(k) is not invariant under k ~ - k .  

2 . 2 .  n = 2 

For two down spins on the chain, we obtain the eigenvalue equation 

Ef(Xl, x2) = --f(xl  -- 1, x2) -- f ( x l  + 1, x2) -- f (x l ,  x2 -- 1) -- f ( x l ,  x2 + 1) 

- �89 - 9)A + p + p ' l f ( x t ,  x2) (2.11) 

We now also get the usual 'meeting condition' that arises because the two 
down spins may be neighbors, 

f ( x l ,  xl)  + f ( x l  + 1, xl + 1) - 2Af(xl ,  xl + 1) = 0 (2.12) 

As in the case n = 1, we have two conditions to be satisfied at the free ends 
of the chain 

f(0,  x2) = (A - p)f(1,  x2) (2.13a) 

f ( x t ,  L + 1) = (A - p')f(x~,  L) (2.13b) 

Guided by the n = 1 case, we consider the ansatz 

f (x l ,  x2) = ~ r k2)e i<tqxl +k2xz) 
P 

= A(kt, k2)e ifklxl+k2x2) + A(k2, kl)ei<k2xl+ktX2)e i'p2 

+ A ( - k l ,  k2)ei<-k~Xl+k2X2)e i'~ + A(kl, --k2)ei(klm-k2X2)e iq'l 

+ A( -k2 ,  kl)ei(-k2xl+klX2)e i(~pl+~p2) + A(k2, --kl)ei(k2xl-kl'r2)e iOol+w2) 

+ A ( - k t ,  --k2)ei(-klxl-i2X2)e i(2'#1) + A(-k2, --kt)ei(-k2xt-ktX2)e i(2~p1+'~2) 

(2.14) 
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Substituting this ansatz in (2.11), we obtain the eigenvalue 

E = - 2  cos kt - 2 cos k2 - �89 - 9)A + p + p']  (2.15) 

Defining the function s(kl, k2) 

s(kb k2) = 1 - 2Ae ik2 + e i(kl+k2) (2.16) 

we find the sufficient and necessary conditions for equations (2.12) and (2.13) 
to be satisfied: 

A(kl, k2)s(kl, k2) + ei~2A(k2, kl)s(k2, kl) = 0 (2.17a) 

A(kl, k2)ot(-kl) + ei~tA(-kl, k2)ot(kl) -- 0 (2.17b) 

A(kl, kE)l~(k2) + ei~lA(kl, -k2)~( -k2)  -- 0 (2.17c) 

together with nine other equations. The compatibility of these equations gives 
the following Bethe ansatz equations: 

et(kl)~(kl) B(-k l ,  k2) 
- ( 2 . 1 8 a )  

ot(-kO[3(-kO B(kl, k2) 

ct(k2)[3(k2) B(-k2,  kl) 
- (2.18b) 

ot(-k2)13(-k2) B(k2, kt) 

where B(k, k') is given by 

B(k, k') = s(k, k')s(k', - k )  (2.19) 

Following Alcaraz et al. 0987) ,  the coefficients in equation (2.14) now are 
given by 

A(kl, k2) = [3(-kl)f3(-kE)B(-kl, k2)e -ik2 (2.20a) 

A(-k l ,  k2) = ~(kl)f3(-k2)B(kl, kE)e-i~2e i(~-~D (2.20b) 

A(k2, kO = ~(-kE)~(-kl)B(-k2, kl)e-ikle iOr-~2) (2.20C) 

2 .3 .  G e n e r a l  n 

The above discussion can be generalized to arbitrary values of  n. The 
coefficients in the wavefunction are given by 

A(kl . . . . .  k,,) = ~ ~ ( - k j )  E B ( - k j ,  kl)e -ikt ( 2 . 2 1 a )  
j = l  l <j<l<n 

A(r . . . . .  epnkpn) = ~ ~(-kj)  
j = l  

E B ( - k j ,  kl)e-ikle i[(m+m')'tr-m~pl+m'~p2] 
l <--J<l<--n (2.21b) 
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where from order (kl . . . . .  kn) to order (eel kel . . . . .  eel ken), there are m times 
negations and m' times permutations, respectively, and r take values __+ 1. 
Substituting these coefficients in equation (2.1), we find that the form of 
Bethe ansatz corresponding to the XXZ chain is the same as that of Alcaraz 
et aL (1987). The above proof indicates that there exists a unique form of 
Bethe ansatz for the general quantum XXZ chain. 

The parameters k~ . . . . .  kn satisfy the following Bethe ansatz equations: 

ot(kj)~(kj) ~ B(-ky, kt) 
et(-kj)fS(-kj) = t=l,j B(kj, kt) " j = 1 . . . . .  n (2.22) 

The eigenvalues E are given by 

E = - 2  [(L - I)A + p + p ' l  - 2 (cos kj - A) (2.23) 
j=l 

3. THE STATISTICAL INTERACTIONS AND THE BETHE 
ANSATZ 

Taking the logarithm of equation (22), we obtain that the parameters ky 
(j = 1 . . . . .  n) satisfy 

2(L + 1)kj - ~(p)  - ~ (p ' )  

= 2'rrlj + 2 [O(kj, -k,) + O(kj, kl)] (3.1) 
1= 1,t~j 

where 

and 

alp(q) = - 2  tan-l[ l (~A-(~ q) sin ~ c-os kj] 

O(k, k,) = _2 tan_~[ Asin(k-k')12 ] 
cos(k + k-7)~ ~ A cos(k - k')/2 

(3.2) 

and { lj } (j = 1 . . . . .  n) is a set of integers or half integers, depending on n 
being odd or even, which can be chosen as the quantum numbers labeling 
the eigenstates instead of the momenta {kj }. Consider the cases when these 
lj are all different. The ground state corresponds to an equidistribution of the 
integral quantum numbers {lj } in an interval centered around the origin: lj+l 
-- lj = 1. The excited states correspond to the nonequidistributions of {lj }: 
lj§ - lj = 1 + M h, where M~ is the number of holes, i.e., unoccupied integer 
numbers between lj§ and lj. The description of the states by the quantum 

(3.3) 
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numbers { lj } can be called a fermionic description, for there cannot be two 
integers taking the same value. In the following, we turn to the momentum 
description. Equation (3.1) can be rewritten as 

2"rrl i = 2(L + 1)k - ~ [O(k, -k ' )  + O(k, k') + ~(p)  + ~(p')]  (3.4) 
k~k',k-# - k '  

Following Yang and Yang (1969), let 

Lh(k) = (L + 1)k - ~ [O(k, - k ' )  + O(k, k') + ~P(p) + ~(p ' ]  (3.5) 
k~k' ,k# - k '  

The values of k where Lh(k) = xtlj are particles. The values of k where Lh(k) 
= arJ (J =nl l i )  can be defined as holes. 

In the thermodynamic limit, we introduce the density distribution of 
holes as well as that of particles: 

Lp(k) dk = number of particles in dk 

Lph(k) dk -- number of holes in dk (3.6) 

Since dh(k) = "tr/L (number of particles and holes in dk) = xr[p(k) + ph(k)] 
dk, then 

dh(k__~) = "tr[p(k) + ph(k)] -- ~pt(k) (3.7) 
dk 

In the thermodynamic limit, equation (3.5) becomes 

h(k) = k - ~ [O(k, - k ' )  + O(k, k') + q~(p) + q~(p'lp(k') dk' (3.8) 

Differentiation with respect to k gives 

xrpt(k) = "ff[p(k) + ph(k)l 

= 1 + I:| {A(cos k' - A) 

[ , 
X 1 + cos(k - k') - 2A(cos k + cos k') + 2A 2 

1 ] 
+ 1 + cos(k + k') - 2A(cos k + cos k') + 2A 2 

(A - p)[cos kj - (A - p)] + 
1 - 2(A - p) cos kj + (A - p)2 

(A - p')[cos kj - (A - p~_)_]p } 
+ l - 2(-A : ' ~ c o s  kj + ~ ,)2 p(k') dk' (3.9) 
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Comparison with the fractional statistics equation (1.7) shows that they are 
identical provided we make the following identification [let p~ = l/'rr] 

GOlL ~ p~ 

Ni lL  "~" p(k) (3.10) 

Di({Nj }) ~ ph(k) 

with the discrete sum replaced by the integral over momentum. The last 
equation shows clearly that the hole density ph(k) represents the density of 
available states for an additional particle to be added. Furthermore, we can 
obtain the formula for the statistical interaction in the momentum space. If 
we define 

g(k, k') = 8(k - k') - lar {A(cos k' - A) 

1 
X 1 + cos(k - k') - 2A(cos k + cos k') + 2A 2 

+ l ] 
1 + cos(k + k') - 2A(cos k + cos k') + 2A 2 

+ (A - p)[cos kj - (A - p)] 
1 - 2 ( A - p )  coskj+  (A--p)Z 

+ 1 - 2(A - p ' )  cos kj + (A - p,)2j  (3.11) 

then we have 

ph(k) + f f d k '  g(k, k')p(k') = p~ (3.12) 

The statistical interaction g(k, k') contains two parts. The nontrivial one 
comes from the rates of  change of  the phase shifts with respect to momentum. 
Differing from the case of  the XXZ chain with periodic boundary condition, 
two phase shifts rather than one contribute to the nontrivial part of the 
statistical interaction for a fixed momentum k. From equations (3.4) and 
(3.12), we can see that a dynamical equation can be translated into a statistical 
equation. This shows that the dynamical interaction can be transmuted into 
a statistical interaction. 
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